, has n simple roots and an unique real root. Let L be a totally real number field and let (ξ, ζ) ∈ O L × L be such that F (ξ, ζ) = 0. We give an upper bound for the absolute height H(ξ) which depends only upon the polynomial F . Our result may be viewed as a natural extension of Runge's method to arbitrary totally real number fields.
Introduction and results.
Let C be a plane algebraic curve rational over Q defined by an equation rational over some totally real number field field L, in relation with Runge's Theorem. Runge's method is most frequently worked out for rational points (ξ, ζ) ∈ Z × Q. See [7] for sharp quantitative upper bounds of |ξ| in this frame. Here we show that under simple conditions relevant to Runge's Theorem, similar bounds hold likewise for the absolute height of any totally real integral point as above, if we assume moreover that the curve C has exactly one real point at infinity. In collaboration with Dimitrios Poulakis, we had already obtained in [3] such a result under the stronger condition that this real point at infinity is rational over Q. The proof of our Theorem relies on the same techniques.
Recall briefly some notations from [3] . We denote by
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the leading coefficient of F viewed as a polynomial in X. We shall use the naïve heights H(F ) = max 0≤i≤m,0≤j≤n
for the polynomial F , and we shall indicate by
and h(ξ) = log H(ξ) the multiplicative and logarithmic absolute heights of the algebraic number ξ, where M (ξ) stands for its Mahler's measure.
Theorem. Suppose that m ≥ 1, n ≥ 2, that the polynomial F ∞ has n simple roots and has an unique real root η. Assume moreover that
Let L be a totally real number field and let
Then we have the upper bound
The same upper bound is given in Theorem 6 of [3] under the stronger assumption that η should be a rational number. Notice however that in the earlier Theorem 6, we considered the more general data of polynomials F whose coefficients belong to an arbitrary totally real number field.
It may be enlightening to translate the assumptions of the Theorem in simple geometrical terms, as in Section 2.2 of [3] . Homogeneize F with respect to X and Y into a bihomogeneous polynomial F of bidegree (m, n) and denote by C the curve in P 1 × P 1 with equation F = 0. Then C is the Zariski closure of the curve C naturally embedded into P 1 × P 1 . In this setting, the roots of the polynomial F ∞ are in one-to-one correspondence with the points of the intersection C ∩ (∞ × P 1 ); so that the main assumption of our Theorem asserts that C ∩ (∞ × P 1 ) contains an unique real point and that the degree over Q of this point is < n. Note that the hypothesis δ < n is inherent to Runge's method. It means that the algebraic set C ∩ (∞ × P 1 ) is reducible over Q. The unicity of the real point at infinity ensures us that any point (x, y) ∈ C(R) which is sufficiently close to this point belongs to its branch, according to the terminology of [3] . This will be proved in the Lemma below. The remaining assumptions on the simplicity of the roots of F ∞ are less essential. They mean that the points of C ∩ (∞ × P 1 ) are distinct from (∞ × ∞) and are unramified in the covering (x, y) → x. Some monomial transformation may often be performed in order to satisfy these last conditions. See for instance the Corollary of Theorem 6 in [3] .
The Theorem will be deduced from the same diophantine inequality that was employed in our previous result. We have called in [3] this estimate a "Liouville's type inequality on C", since it links the distance of two algebraic distinct points located on C to their heights. See [1] , [2] and [6] for earlier versions and various applications including Runge's method. We reproduce in the next Section the special case of the inequality which is needed here.
A Liouville's type inequality on C.
In the sequel, we shall view Q as a subfield of C. Let
be two algebraic points ∈ C which will be assumed smooth with respect to the covering (x, y) → x. For each σ ∈ Gal (Q/Q), denote by y σ (x) the implicit function defined in some neighborhood of σξ 1 by the conditions F (x, y σ (x)) = 0 and y σ (σξ 1 ) = σζ 1 .
Let r σ be the radius of convergence of the Taylor's series of y σ at the point σξ 1 . Notice that the functions y σ and the radii r σ depend only upon the restriction of σ to the field Q(ξ 1 , ζ 1 ). Fix now a number field K such that the points P 1 and P 2 are both rational over K. Let S be the set of embeddings σ : K → C satisfying
Assume that ξ 1 = ξ 2 . Then we have the upper bound
where
and
The estimate (2) is a direct consequence of Theorem 1 of [3] . Note that (1) means that the point P 2 belongs to the branch y P 1 ,σ according to the terminology used in [3] . Thus our set S is contained in the set S(K, P 1 , P 2 ) introduced in [3] . Following Remark 1 after Theorem 1, one can replace in the statement of this theorem the set S(K, P 1 , P 2 ) by any of its subset. Therefore (2) holds, since our term ρ is larger than the corresponding one in Theorem 1, the other terms being identical. The same remark shows that (2) remains valid with S replaced by any of its subset in both sides of the inequality.
Proof of the Theorem.
We shall employ the estimate (2) 
The radius of convergence R γ of the Taylor's series of Y γ at the origin can be bounded from below in the following way:
The first lower bound is Corollary of Lemma 4 in [3] , while the second one follows from the usual Liouville's inequality combined with the upper bounds
which are special cases of the estimation (5) contained in the proof of Lemma 6 of [3] . Notice that
m,n is an algebraic integer and see Section 6.2 of [3] for more details on the computation. Since y(x) = Y η (x) and r = R η , we have just proven the first assertion of the Lemma.
Observe that for any complex number x with |x| ≥ H n , the numbers Y γ (x −1 ), when γ ranges over the n roots of F ∞ , are the n distinct roots of the polynomial F (x, Y ). Note that the n values Y γ (x −1 ) are necessarily distinct. Otherwise, x should be a root of the resultant R of the polynomials F (x, Y ) and F Y (x, Y ) with respect to the variable Y , and we would obtain the upper bound
using [4] for the first inequality and Lemma 4 from [5] for the estimation of H(R).
Suppose now that x is real and that |x| ≥ H n . Since
for any complex number z with |z| ≤ H −n , it follows that Y γ (x −1 ) is real if and only if γ is real. Therefore y(
is the unique real root of the polynomial F (x, Y ).
We are now able to prove the Theorem. Fix temporarily τ ∈ Gal (Q/Q) and consider the two algebraic points
which belong to the curveC. Both points are rational over the field K = (τ L)(η). Denote by S τ the set of Q(η)-embeddings σ :
Let us show that the condition (1) holds for any σ ∈ S τ satisfying |στ ξ| ≥ H n .
Observe first that y σ = y, since σP 1 = P 1 for any σ ∈ S τ . On the other hand, στ ζ is a real root of the polynomial F (στ ξ, Y ) since the number field L is supposed to be totally real. The preceding Lemma tells us that the polynomial F (στ ξ, Y ) has only one real root provided |στ ξ| ≥ H n and that this root is then y(στ ξ −1 ). Therefore y(στ ξ −1 ) = στ ζ, which gives (1). Now the estimate (2) provides us with the upper bound
from which we deduce
using the lower bound r > H −n furnished by the Lemma. Observe that the set of embeddings
which appear in the left hand side of (3), can be naturally identified with the orbit of the coset τ Gal (Q/L) under the left action of the group Gal (Q/Q(η)) on the set of complex embeddings
Denote by the total number of orbits in E under the action of Gal (Q/Q(η)). Then is equal to the cardinality of the set of double cosets Gal (Q/Q(η))\ Gal (Q/Q)/ Gal (Q/L).
Select now a full set of representatives It follows that λ ≤ 4, so that
which was to be proved.
